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Abstract
We study rotating black holes in Einstein-Yang-Mills-Higgs theory.
These black holes emerge from static black holes with monopole hair
when a finite horizon angular velocity is imposed. At critical values
of the horizon angular velocity and the horizon radius, they bifurcate
with embedded Kerr-Newman black holes. The non-Abelian black
holes possess an electric dipole moment, but no electric charge is in-
duced by the rotation. We deduce that gravitating regular monopoles
possess a gyroelectric ratio gel = 2.
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1 Introduction
SU(2) Einstein-Yang-Mills-Higgs (EYMH) theory, with the Higgs field in
the adjoint representation, possesses globally regular gravitating magnetic
monopole solutions [1, 2]. For small gravitational constant, a branch of grav-
itating monopole solutions emerges smoothly from the corresponding flat
space solution, the ’t Hooft-Polyakov monopole [3]. With increasing gravi-
tational constant, the mass of the gravitating monopole solutions decreases.
The branch of gravitating monopole solutions extends up to a maximal value
of the gravitational constant. For vanishing Higgs self-coupling constant, the
monopole branch then bends backwards and merges with the branch of ex-
tremal Reissner-Nordstro¨m (RN) solutions at a critical value of the coupling
constant.
Magnetically charged EYMH black hole solutions emerge from the glob-
ally regular magnetic monopole solutions when a finite regular event horizon
is imposed [1, 2]. Consequently, they have been characterized as “black holes
within magnetic monopoles” [1]. Distinct from embedded RN black holes
with unit magnetic charge, they possess non-Abelian monopole hair. For
small values of the gravitational constant, the black hole solutions merge
into non-extremal RN solutions at a critical value of the horizon radius. For
larger values of the gravitational constant, the black hole solutions show a
critical behaviour analogous to the globally regular solutions, and bifurcate
with extremal RN solutions.
In this letter we demonstrate, that black hole solutions with non-Abelian
monopole hair possess rotating generalizations. Previously rotating non-
Abelian black hole solutions were known only in Einstein-Yang-Mills(-dilaton)
theory [4, 5, 6].
We investigate the domain of existence of these rotating non-Abelian
black hole solutions. We observe, that at critical values of the horizon radius
and the horizon angular velocity, the rotating non-Abelian black hole solu-
tions bifurcate with rotating Abelian black hole solutions, the Kerr-Newman
(KN) black holes.
In contrast to non-Abelian black holes, regular monopole solutions cannot
rotate [7, 8]. Still, monopole solutions in flat space are known to possess
a gyroelectric ratio of two [9]. We here deduce the gyroelectric ratio for
gravitating monopole solutions.
We review the EYMH action in section 2. We present the ansa¨tze for the
metric and the fields in section 3, and the boundary conditions in section
2
4. We address the properties of the solutions in section 5 and present our
numerical results in section 6.
2 Action
We consider the SU(2) EYMH action in the limit of vanishing Higgs potential,
S =
∫ [
R
16πG
− 1
2
Tr (FµνF
µν)− 1
4
Tr (DµΦD
µΦ)
]√−g d4x (1)
with curvature scalar R, SU(2) field strength tensor
Fµν = ∂µAν − ∂νAµ + ie [Aµ, Aν ] , (2)
gauge potential Aµ = 1/2τ
aAaµ, gauge covariant derivative
Dµ = ∇µ + ie[Aµ, · ] , (3)
and Higgs field Φ = τaΦa; G is Newton’s constant, and e is the gauge coupling
constant. We impose a Higgs field vacuum expectation value v.
Variation of the action Eq. (1) with respect to the metric gµν , the gauge
potential Aaµ, and the Higgs field Φ
a leads to the Einstein equations and the
matter field equations.
3 Ansa¨tze
We consider stationary, axially symmetric black hole space times with Killing
vector fields ξ = ∂t and η = ∂ϕ. The Lewis-Papapetrou form of the metric
reads in isotropic coordinates [5]
ds2 = −fdt2 + m
f
[
dr2 + r2dθ2
]
+
lr2 sin2 θ
f
[
dϕ− ω
r
dt
]2
. (4)
The gauge potential is parametrized by [5]
Aµdx
µ =
(
B1
τr
2e
+B2
τθ
2e
)
dt+ Aϕ(dϕ−
ω
r
dt) +
(
H1
r
dr + (1−H2) dθ
)
τϕ
2e
,
(5)
with
Aϕ = − sin θ
[
H3
τr
2e
+ (1−H4)
τθ
2e
]
, (6)
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and the Higgs field by
Φ = v (Φ1τr + Φ2τθ) , (7)
where the symbols τr, τθ, and τϕ denote the dot products of the Cartesian
vector of Pauli matrices, ~τ = (τx, τy, τz), with the spherical spatial unit vec-
tors. All functions depend on r and θ.
The ansatz is form-invariant under Abelian gauge transformations U [5]
U = exp
(
i
2
τϕΓ(r, θ)
)
. (8)
With respect to this residual gauge degree of freedom we choose the gauge
fixing condition r∂rH1 − ∂θH2 = 0 [5].
4 Boundary Conditions
The event horizon resides at a surface of constant radial coordinate, r = rH,
and is characterized by the condition f(rH) = 0 [5]. The Killing vector field
χ = ξ + Ωη is orthogonal to and null on the horizon, where Ω denotes the
horizon angular velocity [11].
At the horizon, we impose the boundary conditions [5] f = m = l = 0,
ω = ωH, H1 = 0, ∂rH2 = ∂rH3 = ∂rH4 = 0, B1 = Ωcos θ, B2 = −Ω sin θ,
(Ω = ωH/rH,) ∂rΦ1 = ∂rΦ2 = 0.
At infinity we impose the boundary conditions [5] f = m = l = 1, ω = 0,
H1 = H2 = H3 = H4 = 0, B1 = B2 = 0, Φ1 = 1, Φ2 = 0.
On the symmetry axis, we impose [5] ∂θf = ∂θm = ∂θl = ∂θω = 0,
H1 = H3 = 0, ∂θH2 = ∂θH4 = 0, ∂θB1 = 0, B2 = 0, ∂θΦ1 = 0, Φ2 = 0.
Regularity further requires m = l and H2 = H4 on the symmetry axis.
5 Black Hole Properties
Let us introduce the dimensionless coordinate x and the dimensionless cou-
pling constant α [2],
x =
eα√
4πG
r , α =
√
4πGv . (9)
The dimensionless mass M and angular momentum J of the black holes are
obtained from the asymptotic expansion of the metric functions
f → 1− 2M
x
, ω → 2J
x2
. (10)
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The asymptotic expansion of the gauge fields shows, that the black holes
carry unit magnetic charge, P = 1, and no electric charge, Q = 0, like the
static (non-dyonic) EYMH black holes [1, 2]. In contrast, rotating black hole
solutions of Einstein-Yang-Mills theory have an electric charge induced by
the rotation [4, 5]. The rotating black holes do possess an electric dipole
moment µel, as seen in the asymptotic expansion of the dimensionless radial
component of the electric field
Ftr = 2µel
cos θ
x3
τr
2
+ ... . (11)
The dipole moment µel defines the gyroelectric ratio gel
µel = gel
P
2M
J , (12)
i.e., gel = 2µel/a, since P = 1, and a = J/M is the specific angular momen-
tum. The full asymptotic expansion will be given elsewhere [10].
The area parameter x∆ of the black holes is defined via the black hole
horizon area A = 4πx2∆. Their surface gravity κ is obtained from the Killing
vector χ [11]
κ2 = −1
4
(∇µχν)(∇µχν) . (13)
As required by the zeroth law of black hole mechanics, κ is constant at the
horizon.
6 Results
The numerical calculations are performed in terms of compactified coordi-
nates x¯ = 1− (xH/x), and employ a Newton-Raphson scheme [5, 12].
Let us briefly recall the domain of existence and the critical behaviour of
the static monopole and black hole solutions. For vanishing Higgs potential,
the branch of monopole solutions extends from α = 0, the flat space limit, to
the maximal value αmax ≈ 1.4, and then bends backwards and merges with
the branch of extremal RN solutions at αcr [2].
For a given value of α, a branch of non-Abelian black holes emerges
from the corresponding regular solution. This branch extends from zero
to a maximal value of the isotropic horizon radius xmaxH (α), and then bends
backwards and merges with the branch of RN solutions at xH,cr(α) [2]. When
5
α <
√
3/2, the bifurcation takes place at a non-extremal RN black hole, i.e.,
xH,cr(α) > 0. In contrast, when α ≥
√
3/2, the bifurcation takes place at an
extremal RN black hole, i.e., xH,cr(α) = 0.
This is illustrated in Fig. 1, where we show the dependence of the mass
on the isotropic horizon radius xH for static non-Abelian black hole solutions
for α = 0.3,
√
3/2 and 1, and also for the corresponding RN solutions. (Note,
that the analyses of Refs. [1, 2] are in terms of the area parameter x∆.)
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Figure 1: The dimensionless mass M versus the isotropic horizon radius xH
of static non-Abelian black holes for α = 0.3,
√
3/2, and 1. The mass of the
corresponding RN black holes is also shown.
To address the domain of existence and the critical behaviour of rotating
non-Abelian black hole solutions, we now consider the dependence of the
black hole solutions on the horizon angular velocity parameter ωH for fixed
isotropic horizon radius xH and fixed coupling constant α.
When ωH is increased from zero, a branch of rotating non-Abelian black
hole solutions with horizon radius xH emerges from the corresponding (lower
mass) static solution. This branch extends up to a maximal value ωmax
H
(xH, α),
and then bends backwards.
For α <
√
3/2, and xH < xH,cr(α), this branch merges with the branch of
KN black holes at a critical value ωH,cr(xH, α). This is illustrated in Fig. 2,
where we show the mass of the non-Abelian black holes as a function of ωH
for α = 0.3 and xH = 0.07 and xH = 0.1 (xH,cr(0.3) ≈ 0.106). The critical
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value ωH,cr(xH, α) moves from the upper Abelian branch, where it is located
for xH = 0.07, to the lower Abelian branch, when xH = 0.1.
As xH is increased further, the critical value xH,cr(α) is passed, beyond
which two static non-Abelian solutions exist. For the rotating black hole
solutions this is reflected in the fact that, for xH,cr(α) < xH < x
max
H
(α), the
branch of non-Abelian solutions does not bifurcate with the branch of KN
black hole solutions anymore, but instead leads back to the upper static
non-Abelian solution. This is illustrated in Fig. 2 for xH = 0.14. As xH
approaches xmax
H
(α) finally, the branch of rotating non-Abelian black hole
solutions shrinks to zero size.
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Figure 2: The dimensionless mass M versus the horizon angular velocity param-
eter ωH of non-Abelian black holes with horizon radius xH = 0.07, 0.1, 0.14, and
coupling constant α = 0.3. The mass of the corresponding KN black holes is also
shown.
As in the latter case, there are two static non-Abelian black hole solutions
for α >
√
3/2, and xH < x
max
H
(α). Consequently, no bifurcations with KN
black holes occur, but the branch of rotating non-Abelian black hole solutions
leads from the lower static non-Abelian solution back to the upper static
non-Abelian solution. This is seen in Fig. 3 for α = 1 and xH = 0.02 and
xH = 0.04.
We next consider the dependence of the rotating non-Abelian black hole
solutions on the horizon radius xH for fixed horizon angular velocity param-
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Figure 3: Same as Fig. 2 for xH = 0.02 and 0.04 and α = 1.
eter ωH and fixed coupling constant α. For finite values of ωH, rotating
non-Abelian black hole solutions exist only for xH > x
min
H
(ωH, α). Regular
solutions are reached only in the static limit. The ansatz Eqs. (4)-(7) does
not allow for regular rotating solutions [8].
For α <
√
3/2, and small ωH, two branches of rotating non-Abelian black
hole solutions bifurcate at xminH (ωH, α). The lower branch follows closely the
static branch, i.e., it reaches a maximal value xmax
H
(ωH, α), bend backwards
and merges with the lower branch of KN black holes. Likewise, the upper
branch bifurcates with the upper branch of KN black holes.
As ωH is increased, the two bifurcation values move closer together, until
they meet at a critical value of ωH. When ωH is increased further, the rotat-
ing non-Abelian black hole solutions no longer bifurcate with Abelian black
holes. Subsequently, the region of existence of rotating non-Abelian black
hole solutions shrinks to zero size, as ωH approaches its maximal value. This
is illustrated in Fig. 4 where we show the mass of the rotating non-Abelian
black holes as a function of xH for α = 0.3 and ωH = 0.03, 0.05, 0.055, and
0.0625.
For α >
√
3/2, again we do not observe bifurcations with KN black
holes. As ωH is increased towards its maximal value the region of existence
of rotating non-Abelian black hole solutions shrinks to zero size. This is
illustrated in Fig. 5 for ωH = 0.005 and 0.0065 and α = 1.
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Figure 4: The dimensionless massM versus the horizon radius xH of non-Abelian
black holes with horizon angular velocity parameter ωH = 0.03, 0.05, 0.055, 0.0625,
and coupling constant α = 0.3. The mass of the corresponding KN black holes is
also shown, together with mass of the static non-Abelian and RN black holes.
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Figure 5: Same as Fig. 4 for ωH = 0.005 and 0.0065 and α = 1.
Turning to further properties of these rotating non-Abelian black holes,
we exhibit in Fig. 6 the specific angular momentum a as a function of ωH for
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the set of solutions whose mass is shown in Fig. 2. Starting at zero from the
static solution, the angular momentum then shows a behaviour analogous to
the mass.
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Figure 6: Same as Fig. 2 for the specific angular momentum.
In Fig. 7 we illustrate the surface gravity of these rotating non-Abelian
black holes. The surface gravity of the non-Abelian black holes shown is
finite. On the other hand, by keeping the horizon angular velocity Ω fixed,
and varying ωH, we reach extremal rotating non-Abelian black holes in the
limit ωH → 0. For such extremal black hole the surface gravity vanishes
[5, 6, 10].
We finally turn to the gyroelectric ratio gel of the black holes. Calculating
gel for fixed horizon radius xH as a function of the horizon angular velocity
parameter ωH and taking the limit ωH → 0, we extract the gyroelectric ratio
gel for static non-Abelian black holes, shown in Fig. 8. Interestingly, as we
approch the static non-Abelian monopole, by taking the limit xH → 0, we
find for the gravitating monopole the limiting value gel = 2, for all values
of α considered. We note, that the non-Abelian monopole in flat space also
possesses gel = 2 [9], as shown by other means [9].
Further details will be given elsewhere [10].
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Figure 7: Same as Fig. 2 for the surface gravity.
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Figure 8: The gyroelectric ratio gel versus the horizon radius xH of non-Abelian
black holes, obtained in the limit ωH → 0 for coupling constant α = 0.1, 0.3, 0.6.
The limit xH → 0 yields gel = 2 for the gravitating monopole.
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7 Conclusion
We have presented the first set of rotating non-Abelian black holes of SU(2)
EYMH theory. These black hole solutions are asymptotically flat, they pos-
sess regular horizons, and they carry mass, angular momentum, and unit
magnetic charge. In contrast to rotating EYM black holes, no electric charge
is induced by the rotation [4, 5]. Consequently the gauge fields show a simple
power law decay at infinity [5, 10]. Distinct from embedded Kerr-Newman
solutions, they represent rotating black hole solutions with monopole hair.
As in Abelian solutions, the rotation induces an electric dipole moment.
Consequently a gyroelectric ratio can be extracted for these non-Abelian
black holes. This gyroelectric ratio is generically greater than two, the Dirac
value realized in KN black holes.
While non-Abelian monopoles cannot rotate [8], we can extract a gyro-
electric ratio for gravitating monopoles by taking the limit ωH → 0, and
xH → 0 for the rotating non-Abelian black hole solutions. We thus deduce
that gravitating monopoles have a gyroelectric ratio of two, the value ob-
tained for flat space monopoles by different means [9].
Concerning stability of these rotating non-Abelian black holes, we expect
that, in a certain region of parameter space, they will be stable, like their
static counterparts [1, 2, 13]. Embedded KN black holes should consequently
be unstable in the corresponding region of parameter space [1, 2, 14].
Extension of this work will include rotating black holes with higher mag-
netic charges [6, 15], dyonic rotating black holes [16], and the coupling to a
dilaton [17]. The latter includes the generalization of the non-Abelian mass
formula and the uniqueness conjecture to SU(2) EYMH theory [6], as well as
the search for rotating black holes with counterrotating horizons [18].
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